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TRIGONOMETRIC & INVERSE TRIGONOMETRIC FUNCTION

Question: For any angle @, measured in radians, prove that —|6]| <sin@<|6| and —|6| <1-cos& <|d|.
Proof:

To establish these inequalities, we picture 6 as a nonzero angle in standard position (see the figure) .
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The circle in the figure is a unit circle, so |#|equals the length of the circular arc AP,

The length of line segment AP is therefore less than |6].

Triangle APQ is a right triangle with sides of length
QP = |sinf]. AQ =1 — cosé.
From the Pythagorean theorem and the fact that AP < |6/, we get
sin®@ + (1 — cos ) = (AP)* = 6% 1)

The terms on the left-hand side of Equation (1) are both positive, so each is smaller than
their sum and hence is less than or equal to °:

sin?f = 62 and (1 — cos 0) = 62

By taking square roots, this is equivalent to saying that

Isin| = || and |1 —cosB| = |6,

SO

—|6| =sin@ =0 and —|8] =1—cosh= |0
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Transformations of Trigonometric Graphs

The rules for shifting, stretching, compressing, and reflecting the graph of a function summarized in the following diagram
apply to the trigonometric functions.

Vertical stretch or con pression Vertical shifl
reflection sbout y = d if .~_:_,v-\ /

y=afbx +¢c)) +d

e

Horizontal stretch or compression Horizontal shift
reflection about x i negative

The transformation rules applied to the sine function give the general sine function or sinusoid formula
. 2
f(x) = A sin g W €))+ D,

where |A| is the amplitude, |B| is the period, C is the horizontal shift, and D is the vertical shift. A graphical interpretation

of the various terms is given below.
.

| y= hm __.u - ( + D
D+ A
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shift (C) I Amplnud'. (A) This axis is the
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Question: Prove the following:

(a) J\/i—sm [uj+c, (valid for u” <a®).

(b)_[ —Etan‘l(gj+c, (valid for all u).

a?+u’ a a

(©) '[ = sec 2|4 RS (valid for |u|>a>0).
u?—a’

Question: Evaluate

@ \/5.'[/2 dx (b) J'L ©) J'L
NTRIES \3—4x° Je* —6

dx dx
O o= ® o axss
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EXERCISE

Evaluate the integrals in Exercises 1-48.

1 [_dx 2. /’—‘_ g, /‘—d_’ 4 /6—4'
o VI —4ax V1 — 4 — 1)? ’ 4 —(r+ 17

V9
5 dx /__g_r_ 8 / dx
3. _/17+_r2 - ./9+3.r2 T J2+ -1 ) | + (3x + 1)?
_dx / __,__d'r _2cosfdi
9. ./..X’\/IQS.\‘Z —9 10. / \/51" —4 . J x—-DVx -1y -4 12. / 5 1+ (sin 2 (sin 87
1 Ads G EVGTIY ds . /‘ &% ” :
s e e _esclxdy
e o VI-as 5. Ja+3va+37-25 / e
Pt dt In V3 o
17. / dt 18 / = 19 it - 4dt
8 + 22 i I+ & K1+ In?p)
V22 N dy
21 / 22. /1‘ g —()\» = 93 / 24 / sec’y dy
WAL =1 25 YV9 \/l__\d VT = tan’y
dx
25/———,—-—- 26 / Sdl‘ -dJ‘
x>+ 4xr—3 /2x — 22 27. /r-_or+) 28 /:r'—(u-'}—lO
6 dt _ 6dt
30. x+4
22 /. 3 — 2 =it~ 12 V3 + 4t — 4 2k /_l.:+4‘1r 32. /;-_ ,+|0
dy dv ) a
33_/‘,'— 34 /,— 35 2+Xx—1, 36. /l—t'+1!—4ﬂ
Y —2y+5 v+ 6y + 10 5 Py
< dy dy
dx dx . 40. /—
37./(.: + DV + 2x 3 /(.r -V —4x+3 39. ./(lan"_v)(] +¥) (sinfy) V1 — 2
sec?(sec ' x) dx 2 cos(sec™ x) dx
15]“ X dl .CUQ l dr 43 44
41 [ = 42/ /: VE -1 e oy e |
=z = - e
(sin~'x)* dx 46. Vian Txdx 47 / l dt 48 /e sin”! ¢
- V1= / L+ J Vaix + D((an™ Va ) + V1 e.x
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