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LOGARITHMIC & EXPONENTIAL FUNCTION 
 

Definition of the Natural Logarithm Function 
 

The natural logarithm is the function given by 
1

1
ln , 0

x

x dt x
t

  . 

 

Theorem-01:  For any numbers 0b   and 0x  , prove that 

  (a)  ln ln lnbx b x   

  (b) ln ln ln
b

b x
x

 
  

 
 

  (c) 
1

ln ln x
x

 
  

 
 

  (d)  ln lnrx r x . 

 

Definition of the Exponential Function 
 

For every real number x, we define the natural exponential function to be  expxe x . 

 

Inverse Equations of 
xe  and ln x  

 

    
 

ln , for 0

ln , for all x

x

x

e x x

e x

 


 

 

Example-01: Solve the equation 2 6 4xe    for x.     Ans: 3 ln2x   . 

 

Example-02: A line with slope m passes through the origin and is tangent to the graph of y = ln x. What is 

the value of m?          Ans: 
1

m
e

 . 

 

Theorem-02(Laws of Exponent): For all 1 2, ,x x x , the exponential function xe  obeys the following laws: 

     (a) 1 2 1 2x x x xe e e    

     (b) 
1x

x
e

e

   

     (c) 
1

1 2

2

x
x x

x

e
e

e

  

     (d)   , if r is real
r

x rxe e  

 

 

General Exponential Function 
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For any number 0a   and any real x, the exponential function with base a is defined as 
lnx x aa e . 

 

Theorem-03(General Laws of Exponent): For all 1 2, ,x x x , the exponential function xa  obeys the 

following laws: 

     (a) 1 2 1 2x x x xa a a    

     (b) 
1x

x
a

a

   

     (c) 
1

1 2

2

x
x x

x

a
a

a

  

     (d)   , if r is real
r

x rxa a  

 

Definition: For any 0x   and for any real number n, we have 
lnn n xx e . 

 

Example-03: Differentiate   , 0xf x x x  .      Ans:  ln 1xx x   

 

Theorem-04(The Number e as a Limit) The number e can be calculated as the limit  
1/

0
lim 1

x

x
e x


  . 

 

Logarithm with base a 
 
For any positive number 1a  , loga x  is the inverse of 

xa . i.e. logx

ay a x y   . 

 

Theorem-05: For any numbers 0x   and 0y  , we have 

  (a) loga x  is just a numerical multiple of ln x , i.e. 
ln

log
ln

a

x
x

a
 . 

  (b)  log log loga a axy x y   

  (c) log log loga a a

x
x y

y

 
  

 
 

  (d) 
1

log loga a y
y

 
  

 
 

  (e)  log logy

a ax y x . 

Example-04: Evaluate (a)  10log 3 1
d

x
dx

  (b) 2log x
dx

x   Ans: (a) 
  

3

ln10 3 1x 
, (b) 

 
2

ln

2 ln 2

x
c . 

 

 

1. Evaluate 
2

2

4cos

3 2sin
d











 . 

2. Find 
dy

dx
, if 

  
1/ 22 1 3

, 1
1

x x
y x

x

 
 


. 
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